We investigate the dependence of the capacitive energy associated with a circular quantum dot on the number of electrons in the dot and on the parameters defining the potential confinement. Our results reproduce the shell-filling behavior that has recently been experimentally observed and allow us to estimate the shape of the confinement potential and the dot size of the experiments.
INTRODUCTION

Recent advances in nanofabrication techniques
have allowed a more detailed investigation of the electronic structure of quantum dots. In particular, it has become possible to measure, with greater precision and reliability, the values for the charging energies in a quantum dot. Tarucha et al. [1] have fabricated a circular quantum dot in which vertical confinement has been achieved by means of A1GaAs barriers 12 nm apart, while lateral confinement has been obtained by etching and by means of the depletion due to a lateral Schottky contact. Tarucha et al. have evaluated the charging energies, which they improperly name "addition energies", by measuring the I-V characteristic for several different values of the gate voltage: in this way it is possible to construct the "diamond diagram", typical of Coulomb blockade studies, which yields directly the values for the charging energies.
For the first time, the results in Ref. [1] show atomic-like shell-filling effects in a quantum dot, as predicted in Refs. [2] , [4] . In order to understand the meaning of these results, we must first define rigorously what the charging energy is. We can start from the classical definition of the capacitive energy, i.e., the variation in the potential energy of a capacitor as a consequence of the addition of charge. For a quantum dot the charging energy can be defined as the variation of the chemical potential as a consequence of the addition of one electron: Ec #(N+ 1)-#(N). If the dot were a classical capacitor, this would be a constant quantity; in the quantum case we can define a quantum capacitance [2] , depending on the number N of electrons contained in the dot, as C(N) e2/Ec, where e is the charge of the electron.
As long as we add electrons to the same orbital, the behavior of the quantum dot is quite similar to that of a classical capacitor: the charging energy is substantially constant and depends mostly on the geometrical dimensions. However, when we start populating a new orbital, the charging energy exhibits a peak, due to the variation in the quantum confinement energy. Thus, the charging energy is about constant, with a peak every time that a new shell opens. In a rectangular dot, for example, each orbital accomodates only two electrons, so that the charging energy has an oscillating behavior, as a function of the electron number. A circular dot, instead, has several degeneracies, which lead to a much smaller number of peaks, as will be discussed in the following.
MODEL
We have considered a 2D model of a quantum dot characterized by parabolic confinement and hard walls located at a distance from the center corresponding to the geometrical radius. For purposes of easy comparison with the experimental results, we assume the parabolic potential given by V 1/2 m* w2r2, where r is the radial coordinate and m* is the electron effective mass, and express the slope of such potential by means of the product h w, h being the reduced Planck constant. The 2D approximation is allowed by the fact that the vertical dimension of the dot (12nm) is much smaller than the lateral radius, therefore only the lowest state along the vertical direction is occupied, and this represents just a constant shift in the energy, which does not affect the results for the charging energy. The 2D Schr6dinger equation can be separated [3] into a straightforward angular equation and into a radial equation, which is solved by means of a standard numerical finite-difference procedure. The two equations read: The potential V(p) is computed self-consistently at each iteration from the electron density obtained at the previous iteration. It includes also a term accounting for the exchange and correlation interactions, in the framework of a local density functional approach [3] . The iterative procedure is stopped when the electron density differs from that of the preceding iteration less than a given amount. Obtaining convergence is simple as long as the Coulomb interaction among the electrons represents just a perturbation of the quantum confinement energy. This condition is satisfied for very small dots, since the electrostatic interaction energy scales with the inverse of the distance, while the quantum confinement energy scales with the inverse of the square of the dot size. Thus, for dots larger than about 100 nm, particular care has to be taken to ensure convergence, with the usage of underrelaxation techniques, which help controlling the instabilities typical of fixedpoint iteration schemes.
The chemical potential is obtained applying Slater's transition rule [3] , which allows better numerical precision than that obtainable from a differentiation of the total energy.
NUMERICAL RESULTS AND DISCUSSION
The reason why we have chosen the particular potential landscape described in the previous section is that it qualitatively explains a feature observed in the experimental results: the charging energy tends to saturate to a limiting value as if the size of the dot were growing while the number of electrons is increased, until any further growth is limited by the presence of hard walls. We have first considered a quantum dot with a geometrical radius of 90 nm and we have computed the capacitive energy for three different slopes ofthe parabolic confinement potential. The results are reported in Figure 1 , where the charging energy is plotted versus the number ofelectrons in the dot for /w=4 meV (thick line), 3 meV (thin line) and 2.5 meV (dashed line). In all three cases the capacitive energy tends to decrease and to saturate down to a limiting value. This is the consequence of the variation of the effective dot size (defined as the area over which the electron density is nonnegligible) as a function of the number of electrons:.when there are just a few electrons, they tend to concentrate in the deepest region of the potential landscape, near the dot center, while for larger numbers of electrons such minimum is effectively screened and the charge is distributed over a larger area, up to the maximum size allowed by the hard walls. The classical charging energy Ecc for a conducting disk with a radius of 90 nm is given [5] by Ecc e2/(8Reoer) 1.94 meV, where R is the disk radius, e0 is the vacuum permittivity and er is the relative permittivity of the medium. This is in good agreement with the limiting value of approximately 2 meV obtained from the simulation. Another major feature of the computed charging energy consists in the presence of peaks for N= 2, 6, 12, 16, 20, 24, corresponding to those found in the experimental results. Each of them is associated with the filling of a shell (orbital) and its height depends on the difference between the energy eigenvalue of the new shell and that of the previous one. If the confinement potential were perfectly parabolic, without any contribution from electronelectron interaction, there would be peaks only for N 2, 6, 12, 20, 30, because more degeneracies are present with a parabolic potential than with a generic potential characterized by circular symmetry. Circular symmetry only implies that when v 0 there is a double degeneracy (the spin degeneracy) and when v0 the degeneracy is fourfold (spin degeneracy plus angular momentum degeneracy). We do not observe any peak for N 10, because the energy splitting between the two related orbitals is extremely small (see Ref. [6] for more details).
The saturation of the charging energy towards a limiting value determined by the maximum dot size is apparent in Figure 2 , where we report the capacitive energies for ha; 3 meV and a dot radius of 75 nm (thick line), 90 nm (thin line) and 120 nm (dashed line). When the number of electrons in the dot is small, the effective size is independent of the geometrical radius and is determined only by the shape of the parabolic potential, therefore for small N the three curves overlap. For large numbers of electrons, instead, the three curves tend to saturate to the corresponding classical capacitive energies (the curve for R 120 nm does not reach the limiting value for the maximum number of electrons included in our plot). The meV, on the basis of the best possible agreement between the results of the simulation and the experimental data. The computed capacitive energy as a function of the electron number is reported in Figure 3 : the only significant discrepancy with the experimental results is represented by the absence of the peak for N 4, which cannot be explained if we assume rigorous circular symmetry. It is however possible that some irregularity exists in the confinement potential of the experimental dot and that it produces measurable effects only for small numbers of electrons, while it is screened out for larger values of N. 
